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Abstract 

A generalization of the negative Camassa-Holm hierarchy to 2 + 1 dimensions is presented 
under the name CHH(2+1). Several hodograph transformations are applied in order to transform 
the hierarchy into a system of coupled CBS (Calogero-Bogoyavlenskii-Schiff) equations in 2 + 1 
dimensions that pass the Painleve test. A non-isospectral Lax pair for CHH(2+1) is obtained 
through the above mentioned relationship with the CBS spectral problem. 

1. Introduction 

The seminal papers in which the Camassa-Holm equation was described [3], [3] have led to a much 
work related to equations with peakon solutions. In particular in references J2]) [H] and JHI) the 
authors include the Camassa-Holm equation within a wider class of equations with peakons. The 
integrability of the Camassa-Holm equation, spectral problem, solutions, etc have been studied in 
many papers in the last ten years (See, for instance, references |H] and [T^l. 

The Painleve test |19j is usually presented as a powerful instrument to check the integrability of 
an equation. Nevertheless, in the limitations of the Painleve test when applied to Camassa-Holm 
like equations are discussed. 

The Painleve property provides not only the basis for the Painleve test, but also for the Singular 
Manifold Method ^H]. When an equation passes the Painleve test, the singular manifold method 
can be applied to algorithmically construct the Lax pair [S], JU] and many other properties of 
the integrable systems such as Darboux transformations, r-functions, etc. The main problem with 
Painleve methods is that the Painleve property is non invariant under changes of independent and/or 
dependent variables. Often, finding the change of variables that writes an equation in a form that 
passes the Painleve test, is a question of luck or ability. 

From the point of view of the spectral problem, the Lax pair for a partial differential equation is 
usually found by inspection. Most frequently, a spectral problem is proposed and then the equations 
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that satisfy this spectral problem are derived JH]) CQi IHI' In contrast, the Singular Manifold Method 
has the attractive property that it allows us to start from a given equation (that passes the Painleve 
test) and derive its Lax pair in a very precise way. Our conjecture is that if an equation is integrable, 
there must be a transformation that will let us transform the equation into a new one in which the 
Painleve test is successful and the Singular Manifold Method can be applied to derive the Lax pair. 

In |Sj JH, hodograph transformations were proposed as useful instruments to transform peakon 
equations into equations that pass the Painleve test. Based on this idea, in section 2 of this paper 
we attempt to study the integrability of a n-component Camassa-Holm hierarchy in 2 + 1 dimen- 
sions (which we will call CHH(2+1)) by means of several hodograph transformations that map this 
hierarchy in a system of n coupled CBS (Calogero-Bogoyavlenskii-Schiff 0) equations in 3 inde- 
pendent variables that are different for each CBS component. This result generalizes those obtained 
in ^1] where reciprocal transformations between the first component of the CHH(2-|-1) and CBS are 
studied. 

The CBS equation in 3 dimensions has been proved to pass the Painleve test |1U| . In the same 
reference, the Singular Manifold Method was used to construct the Lax pair, which in fact is a non- 
isospectral one jHj, ^0]. This knowledge of the spectral problem associated with the CBS equation 
allows us to devote section 3 to reversing the hodograph transformations and rewrite the spectral 
problem in the original variables. Thus, a non-isospectral Lax pair for the CHH(2-|-1) hierarchy is 
obtained. The coincidences and differences between these results and other spectral problems are 
discussed at the end of this section. 

The conclusions are presented in section 4. 

2. Camassa-Holm Hierarchy in 2+1 dimensions 

• As is well known the negative Camassa-Holm hierarchy for a field u{x,t) can be written as: 

ut = R~''u^, R = JoJf^ n > 1, (2.1) 
where n is an integer number that is the order of the hierarchy and Jq, Ji are the following operators: 

Jo = {d^ - d), Ji = (ud + du), 0=-^ . (2.2) 

ox 

For our purpose it is convenient to introduce n functions Vi{x,t)...Vn{x,t) defined as: 



Vl = Jq Ux =^ J^vi = Ux 

Vj = J^^JiVj^i =^ JoVj = JiVj-i, j = 2...n, . (2.3) 

Equation (|2.1j) can be written now simply as: 

Ut = JlVn , (2.4) 

and hence the negative Camassa-Holm hierarchy can be considered as the n + 1 equations (|2.3)) - (|2.4j) 
in n -1- 1 fields u, vi, ...Vn- 
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Obviously, for n = 1, the system H2.3|) - H2.4() reduces to: 

Ut = 2u{vi)x+Ua:Vi 

u = {vi)xx - vi , (2.5) 

which is the celebrated Camassa-Holm equation [S]. 

• The positive Camassa-Holm hierarchy JHl would be obtained through 

Ut = i?"(0), n > 1, (2.6) 



whose n = 1 component is: 
or equivalently: 



ut = JoJ^\0) 



Ut = JqVi 
JiVi = =^ vi = , 
which is the Dym equation ^S] with an extra term {vi)x 0) P- 

2..1 Generalization to 3 dimensions 

A simple generalization of H2.3|) - H2.4() to 3 dimensions is as follows: 

Uy = JoVl 

,hVj = JiVj.i, j = 2...n , (2.7) 

Ut = JlVn 

where U = U{x,t,y), Vj = Vj{x,t,y). 
System (|2.7|) can also be written as: 

Ut = R-"Uy . (2.8) 
The equivalent positive hierarchy should be: 

Ut = RJ'Uy , (2.9) 

which can be trivially obtained from (2.8) by interchanging t and y. Consequently, in 3 dimensions 
(2.8) contains both the negative and positive hierarchies. One can be obtained from the other by 
interchanging the roles of t and y. 

It is also necessary to point out that the first component of (|2.7j) can be written (by simply doing 
Vi = ruy) as: 

{dt - 2mxy - ■mydx){mxxx - rux) =0 

that is a generalization to 2 + 1 dimensions of the Fokas-Fuchssteiner-Camassa-Holm equation 
proposed in [Oj and analyzed in [Tlj . 
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Reductions 



It is trivial to see that the negative Camassa-Holm hierarchy H2.1() would be obtained from (2i 

d_ 

dx ' 



through the reduction 7^7 = 



• If we reduce (|'2.8j) by setting ^ = we obtain: 

R-'^Uy = O^Uy = R'^iO) 

which is the positive hierarchy (2.6) where t has been replaced by y. 

Notice that (|2.8|1 is formally included in the Dym case of reference 0. Nevertheless, the gener- 
alization of the Camassa-Holm hierarchy that the authors construct explicitly in that work is not 
H2.9() because it corresponds to n = 1 and [/ is a field with N components (see equation (2.16) of 
this reference). Only the first component of both hierarchies (n = N = 1) coincides. 

Below we shall denote ()2.7() by CIIII(2+1) and we prove through several hodograph transforma- 
tions that it can be transformed into a system that passes the Painleve test. 

2.. 2 First Hodograph transformation 

If we set: 



U = P^ , (2.10) 



we can write system 1)2. 7() as: 



Py = {Pl)x (2.11) 

2P 

Pt = {PVn)x (2.13) 



(Py,_i),, i = 2...n , (2.12) 



where we have defined: 



(/3i). = ^ . (2.14) 

The conservative form of (|2.11() and 1)2. 13(1 allows us, according to Jl] and [H], to define the following 
hodograph transformation: 

dX = Pdx + PVndt + (3idy 

Zi = t (2.15) 
Y = y , 

The partial derivatives are now: 

d d d d d d d d /o ie\ 
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The inverses of (|2.15|1 - (|2.16() are: 



dx = ^ - VndZi - ^dY 

t = Zi (2.17) 

y = Y , 

dX Pdx' dZi dt dY dy P dx ' ^ ' ' 
With this hodograph transformation, system (|2.11|) - (|2.14)) becomes: 

Py = P{Mx-PxPi (2.19) 

^ = (K)x (2.20) 

±(^{P[P(V,)x]x}x-(Vj)x) = iPyj-i)x, j = 2...n (2.21) 

±{{P[P{Vi)x]x}x-(.yi)x) = {fii)x (2.22) 

Nevertheless, (|2.19() - ()2.22() is not yet a system in which the Lax pair can be directly derived. A 
new set of transformations are needed in order to write 1)2. 19() - H2. 22(1 in a form in which the singular 
manifold method could be applied to derive the Lax pair. 

2. .3 Second Hodograph transformation 
• Let us take 1)2. 21|) for j = n: 

^ {{P \P{Vn)x]x}x - iyn)x) = {PVn^l)x , 

and by substituting ()2.2U|) . the result is: 

/ p^^ I- Pl\ 

' ={Pyn-i)x ■ (2.23) 



\^ 2P 4P2 



The form of equation ()2.23() suggests that we should introduce a new function defined as 

(Pxx l-P 
\2P 4P2 



^x=(% + ^) , (2.24) 



which allows us to integrate 1)2. 23(1 as: 

PVn^i = Hz, . (2.25) 
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• Based on 1)2. 25() . let us introduce Z^-.-Zn-x new independent variables, such that equation H2.25() 
can be extended through the following definition: 

PVn-j = Hz^, j = 2...n-l^PVj=Hz^_^, j = l...n-2 . (2.26) 

Notice that 1)2. 26(1 are hodograph transformations between each dependent variable Vj and the 
corresponding independent variable Zn-j. 

• Taking (|2.21jl para n — j: 

^ ({P [P{Vn-j)x]x}x - i^n-j)x) = {PVn-j-l)x, J = l-M - 2 , 

and by using 1)2. 26|) 




(2.27) 



We can use (|2.24|) to obtain: 

p2 - 1 

Pxx = 2PHx + ^^ . (2.28) 
By substituting fTIE^ in (1^771) . we have: 

Hxxxz, - ^Hxz.Hx - 2HxxHz, = 2Hxz,+, , J = l-n - 2 . (2.29) 

Each of the equations of ()2.29p is a CBS equation in the 3 variables X, Zj and -^j+i- This equation 
has been studied by different authors (see [7|, [S], JO], d]). This equation can be also considered 
as a generalization to 2 + 1 dimensions of the AKNS (Ablowitz, Kaup, Neweel, Segur) equation. Its 
Lax pair can be found though the singular manifold method in ^Oj and it proves to be non-isospectral 
[S], ^7], ^nj. We shall use this result in the next section. 

2.. 4 Third Hodograph transformation 

• By substituting Vi = — in (|2.22|) . we have: 

HxxxZn~i - ^HxZn-i^x — 2HxxHz„_i = 2(/?i)x • (2.30) 

We now define a new variable Z„ such that: 

Pi = Hz„ , (2.31) 

which is again a hodograph transformation between the dependent variable Pi and the independent 
one Zn- With this transformation, 1)2.30(1 looks exactly like ()2.29() for j = n. 

Hxxxz„-i — ^Hxz„-iHx — 2HxxHz„_i = 2HxZn (2.32) 
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Thus, by combining ()2.29() and H2.32() . we have the following n — 1 CBS equations: 

Hxxxz, - ^Hxz.Hx - 2HxxHz, = 2Hxz,+, , j = l-n - 1 . (2.33) 

• Substitution of (^31]) in ijTT^ gives us: 

Py = PHxz^-PxHz„ , (2.34) 
whose compatibility with (2.28) yields: 

Hxxxz„ - ^Hxz^Hx — 2HxxHz„ = 2Hxy , (2.35) 
which is again a CBS equation in the variables X, Zn and Y. 

2.. 5 Summary of the transformations 

We now summarize the above results. 

Let us start with the CHH(2+1) system given by H2.11() - H2.14|) . This is a system of n fields 
Vi,...Vn and three independent variables: x, t and y. We have made the following transformations: 



1) 
2) 



3) 



dX = Pdx + PVndt + pidy, Zi=t, Y = y . (2.36) 

Pxx = 2PHx + ^^ (2.37) 

Py = PHxZr.-PxHz„ (2.38) 

Pzi = P\Vn)x . (2.39) 

= PVj, j = l...n - 1 . (2.40) 



4) 

Hz„ = Pi ■ (2.41) 
With these transformations, we obtain the following system: 

Hxxxz,-^Hxz,Hx-2HxxHz, = 2Hxz,+„ j = l...n - 1 (2.42) 

HxxxZn — ^Hxz^Hx — 2HxxHz„ = 2Hxy ■ (2.43) 
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We have now n CBS equations for just one field H and n+2 independent variables: X, Y, Z\...Zn. 
It is fairly trivial to check that equations such as l|2.42() pass the Painleve test ^U]. Consequently, 
the above described hodograph transformations, map the CHH(2+1) to a new system in which the 
Painleve techniques (Singular Manifold Method) can be applied. For n = 1 it corresponds to the 
result obtained by Hone in |14j . 

Notice that after the first reciprocal transformation, the system was (2.19)-(2.22) where obviously 
P, Vi and /3i are considered as independent fields. The second and third hodograph transformations: 

PV^ = Rz^_,. j = l...n-l 

/3i = 

imply that, for any of the n independent fields Vi, Vn-\ and /3i we define one of the n variables 

Z\...Zn^ that consequently are as independent as the Vi, Ki-i, A fields are. Furthermore, in the 

appendix we will use the results of jTU] to construct solitonic solutions of (|2.42|) - (|2.43|) depending on 
the n + 2 independent variables: X, y, Z\...Zn. The main benefit of the second and third hodograph 
transformations is that they allow us to write the equations in a form in which the Lax pair can be 
algorithmically derived through the techniques of the singular manifold method. 

We should remark that the hodograph transformation 1)2. 35j) is not defined for peakons. Actually, 
as it has been pointed in |H] and ^^1) (|2.1U|) breaks down when [/ is a Dirac delta function because 
the square root of a distribution is not defined. 

3. Integrability and Lax pair for CHH(2+1) 

In a recent paper by us ^0], the singular manifold method was applied to CBS to derive its Lax 
pair. By using these results, the Lax pair for (|2.42|) is: 

^xx =(Hx^^i^ . (3.1) 

7, 

Q = Ej = -i:z,+,+\^z,-Hz^il>x + ^^i^, j = l...n-l . (3.2) 
For ()2.43|1 . the spatial part is exactly the same, but the temporal part is: 

= En = -^Y + M^z„ - Hz^iJx + . (3.3) 

Furthermore, the compatibility condition between ()3.H) and (|3.2() implies that the spectral problem 
is non-isospectral because A satisfies: 

Xx = 0, Az,+i - AAz, = . (3.4) 

Analogously, the compatibility condition between (l^.lj) and (|3.3j) yields: 

Xx = 0, Ay-AAz„=0 . (3.5) 
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Notice that is independent of the index j. Nevertheless, 1)3. 2() can be considered as a recursion 
relation for the derivatives of ip with respect to each Zj. This allows us to take the following 
combination: 



n-l 



+ E 



It is easy to see that: 



n-l 



Therefore, we have: 



= - A->y + ^ 



-A-^Fz,Vx + A-^'^^V^ 



The combination of p.4() and (|3.5p gives us: 

Ay - A"Azi = 

3..1 Inverse transformation 



(3.6) 



(3.7) 



(3.8) 



We can now come back to the original fields \J and Vj- as well as to the original independent variables 
X, t and y. All we need is to perform the change jl4j : 

V'(X,Zi...Z„,y) = ^/p0(x,t,y) . (3.9) 

And, according to (|2.18p . we have: 



^x 
-^xx 

i'Y 



P 2P 



'Pxx 


^x 




2P 


4P2 





k - VnCt)x + 



+ 



2P ' 
Py 



(3.10) 
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With these changes, becomes: 



p2 



Or, by using (2.37) and (ITTITl) : 



+ 



Pxx Pi 



2P 4P2 



4 2 



(3.11) 



which is the spatial part of CHH(2+1). The temporal part can be obtained by using 1)3. 10(1 in 1)3. 7|) . 
The result is: 







Vn4>x + 



2P 



A" 



P 2P 



- -p'i 
H ^ 



+ 



Py 
2P' 



We now need to use to obtain: 



Vn4>x + 



PHxz„ - PxHz^ 
2P 



n-l 
5=1 



' ^ P 2P J 2 



which can be simplified to: 

= 6 



+ 1-4 + ^^" 



n-l 

i=i 

By using l(nn)) - (fnT|l . we have: 



^ \ P 2P V 2 



n-l 



and simplifying : 



n-l 



K + E 



n-l 



(3.12) 
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Furthermore, by applying (2.18) to (3.8), we have the non-isospectral condition: 



Xy - A" At = 0. (3.13) 

In sum: The Lax pair for the Hierarchy CHH(2+1) of equations in 2 + 1 variables 1)2. 7() can be 
written as: 

^xx - ^Uct> = -^(t) (3.14) 

(At = A->y + ^(/.^ - ^(/> , (3.15) 

where 

n.-l 

i=o 

We have proved in ^0] the usefulness of the Lax pair (|3.1|) - (|3.2j) for solving CBS. Actually, in ^01 
we have used the singular manifold method to obtain Darboux transformations for this Lax pair. 
These Darboux transformations are the basis for the construction of an iterative and algorithmic 
procedure described in ^Uj that allows us to obtain a rich collection of non trivial solutions. The 
inversion of the hodograph transformations ()2.36|) - (|2.41() provides us the corresponding solutions for 
CHH(2+1) and its Lax pair. It will be the subject of future work. 

Remarks : Spectral problems similar to (3.10) have been considered in several papers ^H]) ini) 
[T3] . [Tl] . More precisely: 

• This Lax pair is included in the scattering problem presented in equation (1.1) of reference 
[Hj and it corresponds to the case that these authors call the Dym case. Nevertheless, CHH(2+1) 
is not included in the cases that the authors presented explicitly because the generalization of the 
Camassa- Holm hierarchy that they considered corresponds to n = 1 (interchanging t and y) and 
U expanded as a polynomial of degree — 1 in A. Only the n = 1 component of CHH(2+1) is 
equivalent to equation (2.21) of [0] {N = 1 case). The Lax pair for the n = 1 component of the 
hyerarchie appears also in jl4j . 

• The Lax pair considered in for the negative Camassa-Holm hierarchy (|2.3|) - (|2.4() can be 
obtained through the reduction ^ = ^ ■ Equivalently, the Lax pair presented in the same reference 
jl3j for the positive Camassa-Holm hierarchy arises from the reduction ^ = 0. In our notation, 
these 1 + 1 Lax pairs are: 



B 



A 1 
-u + - 
2 4 

B-r 



n-1 

E 

j=0 



(3.17) 



A-" + 



for the negative hierarchy 



11 



and: 



'xx 



■y 



(3.18) 



C 




n-j , 



for the positive hierarchy 



• (3.18) corresponds to the = 1 (interchanging t and y) case of ^] (which generahzes |18j). 
(3.17) is not included in this reference because expansions in negative powers of A were not considered 
there. 

4. Conclusions 

Here we have presented an extension of the n component Camassa-Holm hierarchy to 2 + 1 dimen- 
sions whose n = 1 component is a generahzation of the Fokas-Fuchsteiner-Camassa-Holm equation. 
Although the Painleve test cannot be applied to this system, we have found a set of hodograph trans- 
formations that allows us to transform the original CHH(2+1) into n coupled CBS equations that 
pass the Painleve test. This result generalizes |14j for a n component hyerarchie. The relationship 
between integrable systems and the Painleve property is once again established. 

CBS is known to have a non-isospectral Lax pair. This Lax pair was used in section 3 to invert 
the hodograph transformations in order to obtain a non-isospectral lax pair for CHH(2+1). Note 
that the non-isospectral condition Xy = A" At depends on the order n of the hierarchy. 

The Lax pairs for the positive and negative 1 + 1 Camassa-Holm hierarchies can be obtained 
through the reductions ^ = and ^ = ^ respectively. 

Appendix 

There are a lot of solutions of the coupled CBS equations (2.42)-(2.43) that can be obtained by 
using the techniques of ^UJ. The simplest solution can be constructed through the eigenfunctions of 
(3.1)-(3.3) with H = and A constant. These eigenfunctions can be written as: 



if) = e 



(Al) 



where a; is a totally arbitrary constant and 




According to JO], it allows us to construct the following singular manifold 



(^.2) 
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that yields to the fohowing one-sohton solution: 

Hl—soliton 



-2 — 



(^.3) 



A two-soliton solution can be easily written by means of the same techniques of reference (see 
expressions (3.24)-(3.25) of this reference). The result is: 



2—soliton 



(AA) 



where 

r = ^i(t>2 - {A.5) 

(f>i and (j)2 are singular manifolds of the form (A. 2) corresponding to two different spectral parameters 
Ai and A2 and two different values wi and 0^2 of uj. 



2,x 



A2 — Ai 



which implies: 



where 



r ~ 1 + V? + + 



V^i = e 
ip2 = e 



A2 



and 



(^.6) 

(^.7) 

{A.8) 
{A.9) 



^ 2 



^2 



Acknowledgements 

This research has been supported in part by the DGICYT under projects BFM2002-02609 and 
BFM2003-00078. 



References 

[1] Antonowitz M. and Fordy A., J. Phys A: Math. Gen. 21, L269-L275, (1988). 

[2] Ablowitz M. J. and Clarkson P. A., Solitons, Non-linear Evolution Equations and Inverse Scat- 
tering, Cambridge University Press, 1992. 

[3] Bogoyavlenskii O. I., Russian Math. Surveys 45, 1-86, (1990). 

[4] Camassa R. and Holm D. D., Phys. Rev. Lett 71, 1661-1664, (1993). 



13 



[5] Camassa R., Holm D. D. and Hyman J. M., Adv. in Appl. Mech. 31, 1-33, (1994). 

[6] Clarkson P.A., Gordoa P. R. and Pickering A., Inverse Problems 13, 1463-1476, (1997). 

[7] Calogero F., Lett. Nuovo Cimento 14, 443-447, (1975). 

[8] Degasperis A., Holm D. D. and Hone A. N. W., Theor. Math. Phys 133, 1463-1474, (2002). 

[9] Estevez P.G. and Hernaez G. A., J. Phys. A. Math. Gen. 33, 2131-2143, (2000). 
[10] Estevez P.G. and Prada J., Jour. Nonlinear Math. Phys. 11, 164-179, (2004). 
[11] Fokas A. S. and Fuchssteiner B., Physica D 4, 47-66, (1981). 
[12] Gilson C. R. and Pickering A. , J. Phys. A. Math. Gen. 28, 7487-7494, (1995). 
[13] Holm D. D. and Qiao Z.,\arXiv:nlin.SI/020200^. (2002). 



[14] Hone A. N. W., App. Math. Letters 13, 37-42, (2000). 

[15] Hone A. N. W. and Ping J. P., Inverse Problems, 19, 129-145, (2003). 

[16] Kruskal M. D. Dynamical Systems: Theory and Applications, edited by Moser J., Springer 
Verlag, Lect. Notes Phys 38, 310-354, (1975). 

[17] Kudryashov N. and Pickering A., J. Phys A: Math. Gen. 31, 9505-9518, (1998). 

[18] Martinez-Alonso L., J. Math Phys 21, 2342-2347, (1980). 

[19] Weiss J., J. Math. Phys. 24, 1405-1413, (1983). 



14 



